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Abstract 
Professional development activities focused on the organization of mathematics content can be used to enhance the relationship 
between teacher content knowledge, formative assessment, and instructional decisions. To synthesize and apply what 
mathematics teachers learned from a three-year professional development project designed to improve classroom assessment 
practices, we designed the Learning Line Activity. Groups of teachers co-constructed and presented learning lines that reflected 
their collective understanding of how the content domain was represented and developed. The processes and products of the 
Learning Line Activity can be used to support teachers’ instructional planning and enactment of formative assessment. 
© 2010 Published by Elsevier Ltd. 
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1. Introduction  
Education researchers have repeatedly asserted that to improve student learning, teachers need to give greater 
attention to their use of formative assessment (Black & Wiliam, 1998; Wiliam, 2007). However, to effectively guide 
students’ learning, teachers must develop greater expertise in classroom assessment and confidence in their own 
instructional decision-making. To appropriately interpret student responses to instructional activities, teachers need 
to understand how the content that is demonstrated in students’ mathematical representations relates to how student 
learning of mathematics develops over time (Webb, 2008).  
1.1. Professional development program: Rationale and goals 
From prior studies involving middle grades mathematics teachers (Webb et al, 2004), we found that limitations in 
teachers’ content knowledge had a profound influence on their ability to select or design assessment tasks that were 
accessible to students’ informal and pre-formal mathematical representations (discussed in greater detail below). 
Therefore, in this professional development (PD) program, we integrated assessment design principles (e.g., Dekker, 
2007) with the sustained exploration of how student learning of middle grades mathematics content develops over 
time. An underlying goal throughout the PD was to support classroom assessment practices that would be more 
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likely to increase student access to mathematics and reduce the “achievement gap” between student demographic 
groups. Professional development designed to support teachers’ classroom assessment practices must necessarily 
challenge teachers’ prior conceptions of assessment and, potentially, their understanding of the discipline they teach. 
As argued elsewhere: 
  
Facilitating change in teachers’ assessment practice is not so much a resource problem as it is a problem of: 
a) creating opportunities for teachers to reconceptualize their instructional goals, b) re-evaluating the extent 
to which teachers’ assessment practices support those goals, and c) helping teachers develop a “designers’ 
eye” for selecting, adapting and designing tasks to assess student understanding (Webb, 2009, p. 3).  
2. Conceptual framework  
The PD program described in this paper was designed to support teachers’ conceptualization of: a) what it means 
to assess student understanding (above and beyond recall of procedures) and b) the role of progressive formalization 
in promoting student learning of mathematics.  
2.1. Assessing student understanding, not just recall 
Our approach to conceptualizing the assessment of student understanding was based on the Dutch Assessment 
Pyramid, first developed in 1995 by researchers at the Freudenthal Institute to support the design of the Dutch 
National Option for the Third International Mathematics and Science Study (Dekker, 2007). The relative distribution 
for the different types of thinking in the pyramid – i.e., reproduction, connections, and analysis – suggests that even 
though recall tasks may be a significant proportion of the assessment questions asked, teachers need to move beyond 
questions designed to assess student recall and include tasks that allow students to show that they can use and relate 
mathematical representations, communicate their reasoning, solve problems, generalize, and mathematize problems 
in context. 
2.2. The iceberg model 
The didactical design construct of progressive formalization draws from decades of developmental research using 
the principles of Realistic Mathematics Education (RME). Instructional sequences in RME are conceived as 
“learning lines” in which problem contexts serve as starting points to elicit students’ informal representations. When 
appropriate, the teacher builds upon students’ representations by either drawing upon student strategies that are 
progressively more formal or introducing students to new strategies and models such as arrays, ratio tables, percent 
bars, double number lines, etc. These “pre-formal” models and tools provide mathematical structure and offer ways 
to make sense of the conceptual underpinnings of formal algorithms and more abstract mathematical 
representations. Students are encouraged to refer back to less formal representations to deepen their understanding 
of abstract-symbolic mathematics.  
Essentially, progressive formalization is a design-oriented mathematical instantiation of cognitive/constructivist 
learning theories. Through careful attention to students' prior knowledge, expected informal strategies and pre-
formal models, teachers can select and adapt formative assessment tasks that are more likely to elicit representations 
that are accessible to students. The teacher facilitates and assesses student learning and sense of ownership by 
selecting appropriate problems, interpreting student responses, posing clarifying questions, and using 
counterexamples to support the development of students’ mathematical understanding. 
The Iceberg Model is a visual metaphor that illustrates enacted features of progressive formalization through 
informal, pre-formal, and formal representations (see Figure 1; Boswinkel & Moerlands, 2003). The iceberg consists 
of the “tip of the iceberg” and a much larger area underneath, designated the “floating capacity.” The top of the 
iceberg represents the formal procedure or symbolic representation of interest. However, before this formal level is 
reached, students should have an opportunity to encounter informal contexts and pre-formal representations. 


















Figure 1. Iceberg Model for the numerical representation of fractions. 
 
These informal and pre-formal representations and strategies play an important role in understanding the formal 
mathematics. Students first encounter in realistic contexts, which motivate the use of mathematical language (e.g., 
three quarters of an hour, three quarters of a dollar, etc.). Later they use more structured pre-formal manipulatives or 
models (e.g., fraction bar, number line, etc.) which support student sense making and understanding of the formal 
notation (e.g., that three fourths is ¼ + ¼ + ¼).  
2.3. Visual representations of teacher content knowledge 
One of  the  affordances  of  the  Iceberg  Model  is  that  it  offers  teachers  a  visual  representation  of  content  that  is  
open to various instructional sequences. The set of mathematical visuals within the iceberg can be interpreted as a 
network of instructional options for a given content domain. Since the representations in the iceberg are iconic 
triggers for useful or important contexts, models, and strategies, what they evoke from individual teachers depends 
on their experience with similar features found in student work or instructional materials.  
When lines are used to connect the icons to indicate potential instructional pathways, the interior of the iceberg 
suggests features similar to a concept map (Novak, 1991; Novak & Cañas, 2008). When teachers are asked to work 
together to “fill the iceberg” with known contexts, representations, and strategies, for a given content domain, the 
resulting diagram can be a collective assessment of teachers’ content knowledge. Research suggesting that concept 
maps can be used as a direct assessment of student conceptual knowledge could also be applied to teachers’ 
construction of Iceberg Models and representational pathways (cf. Kinchin & Hay, 2000). Teachers’ icebergs may 
include examples of contexts familiar to students (prior knowledge) and representations that support student sense-
making (e.g., 10-frame, arrays, number lines, ratio tables, percent bars, etc.), organized in a semi-hierarchical 
framework to support student understanding (i.e., informal, pre-formal, formal). These representational pathways are 
developed from teachers’ often implicit application of cognitive and socio-cultural learning theories, framed by their 
students’ experiences with mathematics content. 
Given that one of the primary goals of our PD program was to improve teachers’ content knowledge and 
assessment practices using principles of progressive formalization, the application of the Iceberg Model led to the 
following research questions: How do groups of teachers represent their collective understanding of middle grades 
mathematics content using the Iceberg Model? What impact does this professional development activity have on 
teachers’ instructional planning and selection of assessment tasks?  
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3. Method 
Over three years, our PD program involved 32 middle grades mathematics teachers working among six schools in 
a moderately sized U.S. public school district. These PD activities included a 4-day summer institute in Year 1, 
followed by 40 hours of school-based and district-wide PD during the school year. A 10-day summer institute was 
conducted  in  Year  2  with  another  40  hours  of  school-based  and district-wide  PD during  the  school  year.  The  PD 
concluded with a 6-day summer institute in Year 3. The planning team included district instructional leaders, and 
university faculty in mathematics and math education. 
3.1. Design and approach to professional development 
The professional development was designed as a learning cycle with five interrelated phases: 1) Progressive 
formalization of middle grades mathematics; 2) Assessment design; 3) Analysis and interpretation of student 
responses; 4) Necessary adaptation to assessment and instruction; and 5) Teachers and research team share effective 
instructional methods. This cycle was repeated several times through each of the two major content areas addressed: 
proportional reasoning and algebraic function. 
To synthesize what teachers had learned about progressive formalization, we asked teachers to complete 
representational “icebergs” with formal mathematics at the “tip of the iceberg” and informal and pre-formal 
strategies under the “water line” (Webb, Boswinkel & Dekker, 2008). Informal and pre-formal representations and 
strategies from their instructional materials and classroom experiences with students could be used.  
The “icebergs” that teachers created were later used as reference material to support proposed instructional 
sequences – i.e., Learning Lines – that would be more accessible to students (Webb, 2009). Teachers also were 
asked to include links to mini-assessments that they selected or designed to assess student thinking “below the water 
line” and inform instruction. Teachers used progressive formalization as a lens to review their instructional 
materials, design assessments and scoring guides, and discuss possible instructional responses with colleagues.  
4. Results 
The explicit attention teachers’ gave to their examination of current practice, their conceptualization of what it 
means to assess student understanding, and their collective interpretation of progressive formalization of student 
learning for the assigned content domain contributed to a generative and accessible enactment of the Learning Line 
Activity. Teacher groups first completed index cards with diagrams and statements for informal and pre-formal 
contexts, representations and strategies. Teachers then negotiated the placement of the representations within a large 
iceberg. Further discussion of relationships between the content and instructional pathways led to the generation of 
additional content cards. After a satisfactory degree of consensus was achieved within the group, teachers rendered 
their Learning Lines in an electronic format using software that could upload their representational pathways to a 
webpage. They also included hyperlinks to mini-assessments, applets, and related instructional activities.  
Since space and page limitations preclude the inclusion of teachers’ products in print form, hyperlinks to several 
examples of teacher designed learning lines are included below: 
 
x Pattern and generalization: http://tinyurl.com/LLPattGen 
x Pythagorean Theorem: http://tinyurl.com/LLPythag 
x Systems of equations: http://tinyurl.com/LLSysEq 
 
This sample of teachers’ Learning Lines offers evidence that teachers were able to identify informal and pre-
formal mathematical representations for each domain as well as propose instructional sequences exemplifying 
features of progressive formalization. The mini-assessments they selected, in many cases, were more accessible to a 
wider range of strategies and representations than assessments typically used in middle grades classrooms. 
Teachers’ self-reports in surveys administered at the end of the institute suggest that their collaboration helped them 
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develop a greater repertoire of strategies to assess student thinking in order to increase both student access to 
mathematics and improve student learning (cf. Webb et al, 2005). 
5. Recommendations 
This study contributes to research in classroom assessment by offering a model for professional development that 
integrates teacher study of content, assessment design, and student reasoning that can support assessment of student 
understanding. The PD model engaged teachers in assessment planning and design in a manner that is authentic and 
closely connected with classroom practice (Desimone et al, 2001). Engaging in the process of developing a learning 
line promotes teacher internalization of key representations for a content domain, which subsequently could support 
discourse-based, instructionally embedded assessment (Webb, 2010) and short- and medium formative assessment 
cycles (Wiliam, 2007).  The more teachers are familiar with potential representational pathways for a given domain, 
the more likely they are to engage in goal-oriented instructional planning (Her & Webb, 2004) and respond to 
students in ways that are developmentally consistent with how students learn mathematics.  
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